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A spheroid is an ellipsoid having two axes
(b) of equal length.
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Satisfying the Uniform Internal Pressure
Boundary Condition

Eshelby, 1957
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Volterra’s Equation for Displacement as Expressed by
Yang et al., 1988
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Volterra’s Equation for Displacement as Expressed by
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a, and b, are the unknown
coefficients that define the
strength functions



Methodology of Solution

1. Solve integral using full space Green’s
functions, assuming 6 = 90°.

2. Determine parameters (a,and b,)
defining strength functions by using
uniform pressure boundary condition.

3. Solve integral using half space Green’s
functions and combine with strength
function parameters found above.
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1. Solve Integral with Full Space Green’s

Functions
U, = f+c(P A AT¥, +P;2 (aGi’l cos*(6) + 9Gis sin”(6) +(6Gi’1 + aGiﬁ’)sin(Q) cos(Q))) dé
= " e T g 9¢; Y

l 0 =90°

+c (9G1-?J- (9G,—3 ‘
U,—:f P.A + P2 u—=|dé

c

Displacements From a Spheroid in a Full Space

P b? £ _
Ul = —x1 |al - = -Log[R - x3 - —bzbl( - Log[R - x3 - )J
4mux (a (R(R—x3—§) R °gl * §]] R-x3-¢ °gl * ¢l
X2
U2 =U1 —;
x1
P b%+ £ (x3+ &) 2
U3=4—(a1 (R— = +4 (1 -nu) (R+x3L0g[R—x3-§])]'2b bl (R+x3L0g[R—x3—§])];
mu

R:‘\/x12+x22+ (1v{3+§);2 &

# Wolfram Research, Inc., Mathematica,
)y Version 9.0, Champaign, IL (2012).
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2. Determine strength function parameters

Pressure atX; =0and X;=a

Solve[
{P [al((—3+2nu)§+ (—1+22nu) Log[z:Z])+ %[g_,_bZLOg[z:Z]]] =1 1% G b
-P (al((—l+nu) 21:12(3+(—2+nu) Log[Z:Z])+bl (2ac+b2Log[Z:Z]))==P

}

{al, bl}

| 77 simp1ify Pressure atX; =band X; =0

e b? :"2c{'2a2_b2-c2”}-3ab2Log'ii]';

{1al = . -. : / Lare 1/ i 7 )
4ae® (b? (=2 +nn) ve? (=1 +nu) + 2b% e (e (=2 +nu) +b? (-1 +nu) +a? nu | LOg,:%ﬂ £ atbr L gemu) Logig}z

2 & (B> (3 - 2nu) —2 &% (~1L4+ni) ) + ab® (5 — 4mii) Log_?}
bl - — : ' — . ' }}

4ac? (b? (-2+nu) +c? (-1+nu)) +2b?c (c? (-2+nu) +b? (-1+nu) +a’nu) Log[2=<] +ab* (1 +nu) Log[2=<]*

Values for a, and b, depend only on geometry of
spheroid and elastic constants
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2. (continued) Check Boundary Condition

Plugging in the values for a, and b, derived above, we can test the
uniform pressure boundary condition

P(¢)=n'S n

Stress tensor as function of ¢ —T T

Surface normal vector as function of ¢
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3. Solve Integral with Half Space Green’s

Functions
N 0G; 0Gi1 4Gz . , 0G;; 0G;3) . )
U,_f_c (Pc?t 5E, +Pd2,u( 9¢, cos~(0) + 95 sin (9)+( 9, + 3¢, )sm(@)cos(@)) d§é

RNAL OF GEOPHYSICAL RESEARCH, VOL. 93, NO. BS, PAGES 4249-4257, MAY 10, 1988

Although Yang’s 1988 paper
has typos, the presented
T solution is otherwise correct.

U.S. Geological Survey, Menlo Park, California

Deformation From Inflation of a Dipping Finite Prolate Spheroid in
an Elastic Half-Space as a Model for Volcanic Stressing

XUE-MIN YANG AND PauL M. Davis

My work extends Yang’s by providing:

e Displacement derivatives, strains, and stresses

* Properly handled limiting cases

e Proof that Yang’s method works for oblate spheroids

e Avery good approximation to the volume/pressure relationship
* Error-free code, validated by Mathematica
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How Well is the Uniform Pressure Boundary
Condition Satisfied?

dip = 67.8°, strike = 8.8°, Maximum deviation: @.66%, Mean deviation: ©.24%

Spheroid Parameters e

a=3000m | | T | | >
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Vertical (km)
: =
©

11
-12
13
4
2 : 4
' ) 2
3 _
-2 )
-2
Northing (km) 4 -4

= USGS



How Well is the Uniform Pressure Boundary
Condition Satisfied?

dip = 67.8°, strike = 8.8°, Maximum deviation: 7.96%, Mean deviation: 2.22%
Spheroid Parameters
a = 3000 m B
b =2000m 2 )
Depth = 5000 m S ; =
P/u=1 o 5

Vertical (km)
v

As depth decreases the

Deviation from Uniform Pressue

departure from N
uniformity increases. N 2
2 : 4
Ny o
-2

Northing (km)
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How Well is the Uniform Pressure Boundary
Condition Satisfied?

dip = 67.8°, strike = 8.8°, Maximum deviation: @.6e%, Mean deviation: @.e8%

@.e1

Spheroid Parameters e

a=3000m _46 ' _ J—— _ | 0.008
b =2000 m | N,
Depth = 50000 m Al S
P/p=1 2 0.006 E
As depth goes to infinity =~ | ™
the deviation from N R | 0.001 3

H H _54
uniformity goes to zero. P

9.002

o . 0.001

Northing (km) Easting (km)
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The Oblate Spheroid

Spheroid Parameters

a=2000m
b=3000m
Depth = 10000 m

P/u=1

Why does this work?
When a<b, thenc
becomes complex!
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When ¢ is Complex, the Resultant
Displacements are Still Real

Consider the full space version of Volterra’s equation:

+c oG, ; 0G;5) .
Ul-:f P.A + P2 u — |d ¢
L ¢ &3

Re-write the equation for the oblate case:

U +er[32_a2 (P A’ 3G” 8GI3]([E
o _i\ b2 —a? ’ 0&; 0& ) 7

We can then push the I into the variable of integration, &,
and expand the result.
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Oblate Spheroid Deformation in a Full Space

R = (4)(32 §2+ (x12+x22 +x32_€2)2)1/4
© = ArcTan[a® - ¢?, -2ac]

= %AICTan[Xl2+XZ2+x32—€2, 2x3¢]
¥

= ArcTan[R Cos[¢] - x3, RSin[¢] - £]
-2p% (a®+2b*) c-3ab'e

1=
= 4ac? (—b"'+a2 (—1+n1.1))+2bzc(]’.>2+2212 (—ZL+n1.1))6+ab4 (1 +nu) 6°
Real i 4a2c(-1+nu)+2b®c (-3+2nu) +ab? (-5+4nu) e
“4ac? (-p?+a’ (-1+nu)) +2b?c (b?+2a% (-1+nu)) 6+ab (1+nu) 62
Expressions ;
p Pxl
4 mu
p? 3 si
[al [§Cos[¢>] = (§C°S[¢]+x il -2Cos[¢] Sin[¢]) +¢]+
R (x3-RCos[¢])2+ (£-RSin[¢])? R
b2b1[2x3§_R(§COS[¢]+X3Sin[¢]) -’Jf]]
(x3-RCos[¢])*+ (§-RSin[¢])?
x2
U2 =Ul =
x1
U3 =

x3 £ Cos[¢] + (2 - b?) sin[¢]
R

i[a.l [4 (-1+nu) x3 ¢y + —(5—4nu)RSin[¢]]+

4 mu

2 b? bl (x31,lf+RSin[4>])]

But, from a practical point of view, re-writing the equations is
not necessary, provided your programming language supports
complex numbers — the imaginary part of the output always
cancels to zero ( + rounding errors).
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The Oblate Spheroid as a Goes to Zero

dip = 98.0°, strike = -98.8°, Maximum deviation: 1.65%, Mean deviation: ©.86%

Spheroid Parameters | | e
a=2000 m - - e |
b =3000m - | |
Depth = 10000 m ne o N |
P/u=1

1
t=]
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The Oblate Spheroid as a Goes to Zero

dip = 98.0°, strike = -98.8°, Maximum deviation: 1.47%, Mean deviation: ©.94%

Spheroid Parameters e
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The Oblate Spheroid as a Goes to Zero

dip = 98.0°, strike = -98.8°, Maximum deviation: 1.4@%, Mean deviation: 1.87%

Spheroid Parameters e
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The Oblate Spheroid as a Goes to Zero

dip = 98.0°, strike = -98.8°, Maximum deviation: 1.35%, Mean deviation: 1.25%

Spheroid Parameters e

a=0m

b=3000m
Depth = 10000 m 1 o |
P/u=1 s - |
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Comparison to Fialko’s Penny-shaped Crack

10" — Fialko, et al. (2001)
i — Oblate spheroid

Fialko’s <
solutionis g
18]
exact S 160
a
S
Oblate >
.« gy . D 10
spheroidis &
approximate £
O
=

10 10°

Depth / Radius (b)

Oblate spheroid with a = 0 equivalent to the solution of Sun, 1969
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The Oblate Spheroid as a Goes to Zero

dip = 96.8°, strike = -90.8°, Maximum deviation: 3@.54%, Mean deviation: 20.24%

Spheroid Parameters

a=0m 1
b =3000 m °
Depth = 3000 m o
P/lu=1 g
Northing (km) '4”v.'4

= USGS

30

25

- 15

|10

(%)

Deviation from Uniform Pressue



Pressure / Volume Relationship

Volume Prior to Pressurization: o3
4
Vo = gﬂabz
Volume After Pressurization: )

4
m=§nmﬂm@+%f

Volume Change:

e

Partial derivatives with respect to axes:

av _47rb2 and oV 8mab
da 3 b 3

Approximate volume change:

4
AV =~ 5ﬂb(b6a+2a6b)
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Pressure / Volume Relationship

Derive analytical expressions for 0oa and
ob in a full space:

=)} (2a1 (1 =)= b7 by)

6a=—§%{mc+{20+abda+c

ob = —% b(2acb| +(—a +b2b,)log(212))

Insert into:

4
AV:Tgﬂbw6a+2a&ﬂ

Giving the key relationships:

AV ~ ZbZZAP (a (alog(Z;i)(—l +20)+c(=5+49)) -2 b))

3AV u 1
AP ~ 2 a—c 3
2nb adabd;;ﬂ—]+2ﬂ+c@6+4vﬂ—2cbl

= USGS
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Comparison to Other Approximations

1.00
. ﬁ&mgﬂlg{e‘%?[ﬂrgaiymh
E S;:h R Journal of Voleanology and Geothermal Research 102 (2000) 189-206 T
v ehevieral lovare jeolgeres )os
Spherical and ellipsoidal volcanic sources at Long Valley caldera,
California, using a genetic algorithm inversion technique
K.F. Tiampo®*, I.B. Rundle®!, J. Fernandez", J.O. Langbein®* 0.90
2Department of Geology and CIRES, University of C ox 216, Boulder, CO §0309-0216, USA
SInstituto de Astronomic itaria, Madrid, Spam, m
U.5.G.S.. A A, USA ]
Received 15 March 1999; revised 17 February 2000: accepted 17 February 2000 E 0.85
©
Tiampo et al., 2000, derived
an approximation of
volume change presented
there in equation 18:

0.0 0.2 0.4 0.6 0.8 1.0

e L G Aspect Ratio (a/b)
u

Compared to:

AV ~ APi’z” %(al (alog(%)(—l +20)+c(=5+4v)) -2 b))




The End

, Vertical Displacement (cm)

25 -2 Northing (km)

Easting (km)

Please visit:
volcanoes.usgs.gov/software/spheroid
=USGS for Matlab code and Mathematica notebooks
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